1: Direct Proofs

a) *The Philadelphia Proofs are a little-known baseball team that
recently played against the Chicago Contrapositives. In their game,
there were nine innings, [and the Proofs outscored the [0_)
Contrapositives in at least 3 but not all of the innings/ For simplicity,
we will refer to outscoring in the inning as “winning” the inning. The
following is true of the innings:

i)  They did not win both the 2nd and 5th inning.

ii) If they won the 7th or 4th inning, then they won every inning.

iii)  If they won the 2nd inning, then they won the 5th inning.

iv)  If they won the 3rd inning, then they won the 7th inning.

v) If they won the 1st inning or the 6th inning, then they did not win
the 9th inning.

vi)  If they won the 1st inning or the 5th inning, then they did not win
the 8th inning.

Prove that they won exactly 3 of the innings by finding the three
innings they won.
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2: Contrapositives

a) *Show that for all integers x, if x2 — 6x + 5is even, then x is odd.
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b) Challenge: Show that for all real numbers x and vy, if

y3 + yx2 < X+ xyz, theny < x.
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c) Show that for all real numbers r, if r is irrational, then r'/* is irrational.
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3: If and Only Ifs

a) *Let LxJ be the greatest integer less than or equal to x. Let [x1 be the
least integer greater than or equal to x. Show that LxJ = ['x1iff x is an
integer.
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b) Show that Mh-b. has two distinct real solutions iff
a’— 4b > 0.
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4: Proof by Contradiction

a) *Use the Pythagorean theorem to prove that the length of the
hypotenuse of a right triangle must be less than the sum of the length
of the legs.
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b) Prove that an integer cannot be both even and odd.
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c) Prove that there is no least positive rational number.
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d) Challenge: Prove that log,(3) is irrational.
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